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ABSTRACT 
This paper extends previous work by Reichel and Trefethen on the spectra and 
pseudospectra of Toeplitz matrices to the case of triangular block Toeplitz matrices. 
In particular, we give results for the pseudospectra of triangular block Toeplitz 
matrices and operators and show that the pseudospectrum of a triangular block 
Toeplitz matrix converges to the pseudospectrum of a corresponding triangular block 
Toeplitz operator. Numerical experiments are presented to demonstrate the variety of 
pseudospectra that can be exhibited by both triangular and nontriangular block 
Toeplitz matrices. 0 1998 Elsevier Science Inc. 
1. INTRODUCTION 
Block Toeplitz matrices arise in a variety of application areas, e.g., 
multigrid methods for solving PDEs [2], waveform relaxation for solving 
systems of ODES [8], image restoration [3], etc. Often, when solving block 
Toeplitz systems of equations, the matrix in question is very large but sparse, 
so iterative techniques are employed [3, 111. In order to analyze the conver- 
gence properties of iterative methods applied to block Toeplitz systems, one 
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often relies on properties of the spectrum of the matrix. However, in the case 
of nonnormal matrices, the spectrum may in fact provide little or no 
information about how iterative methods behave when applied to a given 
matrix. Trefethen has recently introduced the pseudospectrum as a more 
useful tool than the spectrum for analyzing nonnormal matrices [I2, IS]. 
Roughly speaking (and we will be more precise below), the spectrum of a 
matrix is the region in the complex plane where the norm of the resolvent of 
the matrix is infinite, whereas the pseudospectrum is the region in the 
complex plane where the norm of the resolvent is large, but not necessarily 
infinite. 
The following definitions will be used in the sequel, as we investigate the 
spectral and pseudospectral properties of Toeplitz matrices and operators. 
We begin with a formal definition of the spectrum of a bounded operator on 
a Banach space 141. 
DEFINITION 1. Let X be a Banach space. The spectrum of a bounded 
operator &: X 4 X is defined as 
A(&) = { A E @ : ( AI - &) is not invertible}. 
The following defines the e-pseudospectrum of a densely defined closed 
linear operator in a Banach space [9, 121. 
DEFINITION 2. Let X be a Banach space with norm 11. II. The e-pseudo- 
spectrum of a densely defined closed linear operator JZZ: X + X is defined as 
It is understood that ]I( AI - d)-l II = 00 for A E A(&. Therefore, A(&) 
c A,&‘). 
In this paper, we present results for the spectra and pseudospectra of 
block Toeplitz matrices and operators, as well as for block Laurent operators. 
2. NONBLOCK TOEPLITZ MATRICES 
In this section we give some basic definitions and summarize some 
well-known results for the nonblock Toeplitz matrices and operators. 
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DEFINITION 3. A Toeplitz matrix is a matrix whose entries are constant 
along diagonals: 
. . . 
U-1 
. . . 
. . . 
a0 
u-1 
An infinite matrix of the same form is known as a Toeplitz operator Ace, xl, 
and a doubly infinite matrix of this kind is a Laurent operator A,-, “). If 
there are no u_~ terms in the matrix, we call it an upper triangular Tdeplitz 
matrix. Similarly, we have an upper triangular Toeplitz operator or Laurent 
operator. 
The symbol for the matrix A,,,, ,,) is given by 
11- 1 
fn(z) = c Uk,7”. 
k-l-n 
The operators A,,, mj and A, _ a, xc) have the same symbol 
f(z) = 2 al,“! 
k= --x 
A symbol f is said to be in the Wiener class if CT= _-r ]ak I < + cc. 
The following are well-known results concerning the spectra of triangular 
Toeplitz matrices and operators [lo, U]. 
PROPOSITION 4. Assume the symbol f 1s in the Wiener class. Tizer1 
6) MA,,,,,) =f,,({O)> = {a,}; 
(ii) h(A,,,,) = f(A); 
(iii) h(A (_,,,,I =fW. 
Here, S is the unit circle and A is the closed unit disk. 
In [lo], Reichel and Trefethen studied the pseudospectra of Toeplitz 
matrices and operators. For the triangular case, they proved the following 
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PROPOSITION 5. The pseudospectrum of A,,, nj is estimated by 
fn(4) s M&“,) cf,(A) + 4, 
where 
n-1 
with c, = C lajl. 
j=l 
Here, A,. is the closed disk with radius r centered at the origin. 
It is clear from the above results that lim, em A(A,,, .,) # h(Ac,,,,). On 
the other hand, the limit of the pseudospectrum of A,, ,,) as n + ~0 is the 
pseudospectrum of A,,, mj. In fact, Reichel and Trefethen proved the follow- 
ing result in [lo]. 
PROPOSITION 6. Assume the triangular Toeplitz operator has symbol f 
which is in the Wiener class. Then for F > 0, 
lim A.c(Ap,n,) = Ac(A,,,m,) =f(A) + An’ n-tm 
and therefore 
lim lim A,(A,,,.,) = A(Aco,,,) =f(A>- 
E+O n-rm 
The above proposition gives the exact form of A,(Ac,,,,). However, 
although there may not be a precise expression for A,(A,,,,,) in the general 
(i.e., nontriangular) case, it is shown in [lo, 151 that for an arbitrary Toeplitz 
operator with absolutely summable entries, lim,, ~ 31 A,(A,,, ,,,> = AE(AcO, ,,) 
is still true for 8 > 0 (see also Biittcher and Wolf [l]). In this paper, we 
extend the results in [lo] to the block case. 
3. TRIANGULAR BLOCK TOEPLITZ MATRICES 
In [lo, 121, some special block Toeplitz matrices and operators were 
studied. In this section we provide estimates for the general case of upper 
triangular block Toeplitz matrices and operators. 
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We first generalize the definition of Toeplitz matrices to the block case. 
In this section and thereafter, we always assume that the Toeplitz matrices 
(both block and nonblock cases) and the Toeplitz and Laurent operators are 
all in 1” and hence are all in the Wiener class. 
DEFINITION 7. A block Toeplitz matrix is a matrix whose entries are 
constant matrices along diagonals: 
A(C), n) = 
A, A, A, ‘.. A,,_; 
A -1 A,, A, .*. A,, -” 
AZ_,, -’ A-, A,; A, 
A 1-n ... .” A -I 4, _n x ,1 
where A, are all m X m matrices. 
An infinite block matrix of the same form is known as a block Toeplitz 
operator Ace,,,, and a doubly infinite block matrix of this kind is a block 
Laurent operator A,_ oc, mj. If there are no A_ k terms, the matrix (or operator) 
is upper triangular. 
In this section, we concentrate on upper triangular block Toeplitz mat& 
ces and operators. The matrix-valued symbol for an upper triangular block 
Toeplitz operator is given by 
F(z) = c Akzk. 
k = 0 
The above Toeplitz operator Ace,,, can be extended to the upper triangular 
Laurent operator A,_ r, mj, which will have the same matrix-valued symbol 
F(z). Define A(,,., to be the n x n block section of AC,,,, with correspond- 
ing symbol 
,I - 1 
F,,(z) = c A,=". 
k = 0 
We first give a basic lemma that relates the resolvent norms of upper 
triangular block Toeplitz operators and upper triangular block Laurent 
operators. 
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LEMMA 8. Let Ace,,, and A,-,,,, be upper triangular block Toeplitz 
operators and upper triangular block Laurent operators. Zf A P h(A,,,,,) U 
A& _ m, ,), then 
proqf. Assume U = (. . . , U-k,. . . , uo, . . . , Uk, . . . IT is an infinite unit 
vector. Define 
v n = (...) o,u_, ,..., ug ,..., u, ,... >> 
w, = (U_n )...) ug I..., U,>...>i 
then lim n -) m v,, = u under 1’ norm. Notice that 
Ik AI - A,-,,,, >-lull = lim IIP - A,~d’v~II n+= IlV,ll 
= lim II( AI - A(O,JIW n l 
n-m IIyJI 
=G (AI - AC,,,, II 1-l II . (1) 
On the other hand, II(AI - Ac,,,,,)-1 II < II AI - Ac-,,J1 II, which with CO, 
implies II(AI - Aco,,j)-lll = IIAI - A~_,,J’II. ??
The following is a generalization to the block case of the results in [lo] for 
upper triangular Toeplitz operators. 
THEOREM 9. Let A,,, ,,), Ace,,,, and A,_,,,, be given as above. Then the 
following hold: 
6) A&,, J = A&J = A@,(O)); 
(ii) A(Ac_,,,,) = Ul.i=l A(F(z)); 
(iii) Ah&,,) = I_,,,, 1 A(F(z)). 
Proof. (i>: This is obvious, since A,,, nj is block triangular with diagonal 
block A o. 
PSEUDOSPECTRA OF BLOCK TOEPLITZ MATRICES 109 
(ii): Notice that the product of A, ax I) with a vector sequence can be 
expressed as a convolution. That is, 
A (-x x,u = A*u, 
where u = (. . . ,u_~, . . . >U(),...>Uk>... > is a sequence of m-dimensional 
vectors and A = {A_,} is a sequence of m X rn matrices. The jth vector 
entry of the infinite sequence A * u is given by 
k= -1 
Now, assume that 
(AI - A,_, z,)-‘u 
Then, application of the semidiscrete Fourier 
k = 0 
= v. 
transform gives 
ii(e) = [(“I- AC-,.&]“(~) 
where 
i(e) = f A_ke-ik” = F(&‘). 
k=-m 
Therefore, 
G(e) = [hI - F(e’“)]-$0). 
Hence, A E R(A,_,,,d > if and only if h E t_,_,= I R(F(z)). 
(iii): For any z E A (the interior of A), assume v is an unit eigenvector of 
F( .z) with eigenvalue A. Then the vector (1, .z, z2, . . . IT @ v belongs to 1’ 
and is an eigenvector of Ace,,, 
includes U,,, < 1 A(F(z)), 
with eigenvalue A. This proves that h(A,,,,,) 
U,;, < , h@(z)). 
and since h(Ac,,,,,) is closed, it includes 
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Conversely, if A E U,Z, $ 1 h(F(z)), then by Lemma 8, 
< sup Il(AI - F(e”))-’ lllz> 
0G[-?r,Trl 
which is bounded by the assumption. Therefore, A E R(A,,,,,), and hence 
UIsI, 1 A@(z)) inchdes A&,,,,). ??
REMARK 10. 
(i) If the A,‘s are one-dimensional matrices (scalars), then the theorem 
becomes the result shown in Proposition 4. 
(ii) The last equality in the theorem was proved in [5]. 
The following estimates are the generalizations of Proposition 5 for the 
pseudospectrum of an upper triangular block Toeplitz matrix. 
THEOREM 11. The pseudospectrum of A,,, ,,) is estimated in 1’ by 
u GM) c ~,@,o,.,) c u qx4) + L 
Izl<r IZIG 
where 
n-1 
with c, = c IIAjh~, 
j=l 
and 
sup II( AI - F,(z))-’ Ill” a .z-l 
Izl= 1 
Proof. Following Reichel and Trefethen in [lo], Jackiewicz and Owren 
proved the first inclusion in 171. Take A E U,,, ~ r A(F,(z;)), and let v be the 
corresponding eigenvector. Define u = (1, z, . . . , z m- 'jT, and let w = u 8 v. 
Then it is easy to show that 
)I( AI - -%o, n) )wI( G I~lnc,IIWll, 
which implies the first inclusion. 
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For the second inclusion, since 
I/( *I - ACJ]] =(([(A1 - ACO,X] nxn ]] 
j-’ II ) 
we have 
Assume A G U,zlgl h(F,,( z)), then (AI - Ace ,,>-’ exists. By the proof of 
Theorem 9, we obtain 
from which the second inclusion follows. 
The above theorem is analogous to Proposition 5, but it can be simplified 
by the following equality. 
THEOREM 12. 
U A(F,,(=)) + A, = u A,(F,,(=)). 
IZIS 1 1315 I 
Proof. If A E UIz,< 1 A,(F,(z)), then there exists z such that A E 
Az(F,(.z)). Therefore II(AI - F,,(z))-‘11 2 8-r. Naturally, SU~,_,~, II(AI - 
F,(z))-‘ll 2 c-l. By the maximum principle, if A G U,: _<, A,(F,,(z)). then 
sup ]][A1 - F,,(z)]-‘I(,> = sup II[AI - F,,(=)]-‘](,J. 
13/= 1 1212 1 
which implies 
U A,(F,(=;)) c u A(F,,(=.)) + AC. 
IZIS 1 121s I 
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Conversely, if A @ I_$,,, i A,(F,(z)), then for any z, IzI I 1, we have 
[AI - F,(z)]-~II < c-l. Therefore, since the unit disk is _compact, 
~up,,,~i Il[hI - F,,(z)]-‘II < E-‘. Hence A g U,,,.,R@,(z)) + AC, which 
implies 
U A@?,(4) + A, G u Ac(Fn(+, 
lzls 1 IZlS 1 
and the theorem follows. ??
We have the following relationship as a corollary. 
COROLLARY 13. 
U A(F&)) c A,&,,.,) c u A@‘n(z)). 
lzlsr IZlll 
In particular, if m = 1, we get Proposition 5. 
4. TRIANGULAR BLOCK TOEPLITZ OPERATORS 
Now we consider the case of triangular block Toeplitz operators. We first 
analyze the pseudospectrum for a triangular block Toeplitz operator and then 
show how the pseudospectra of triangular block Toeplitz matrices and those 
of triangular block Toeplitz operators are related. 
4.1. Pseudospectra for Triangular Block Toeplitz Operators 
To prove a general theorem for upper triangle block Toeplitz operators in 
12, we use the following key fact. 
LEMMA 14. 
Ik AI - Ac-_,)-llj = sup Il[hI - F(s)lPIII. lzl= 1 
Proof. BY Theorem 9, we may assume both sides are bounded. By the 
proof of Theorem 9, we need only to show that 
II( AI - A,_,,,,)-’ 11 2 sup I([AI - F(~)]-~il. IzI= 1 
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The Plancherel equality yields the following equalities: 
Here, 1.1 is used to represent the vector norm. By the Riesz-Fisher theorem, 
the semidiscrete Fourier transform is an isometry from 1” to I’[ - 7r, ~1 (e.g., 
see Chapter 8 in [Id]). Therefore, we have 
l)[AI - F(e’B)I~lv(~)ll~~,-n.nl = SUP 
lIv(e)llL~+o ll~wll~‘~-T 7rl ’ 
where v(6) is an IL’ vector field on [ - rr, rr 1. 
Since S = {z E C : I z ] = 1) c C is compact and by our assumption A P 
h(F( z)) for z E S, II(AI - F(z))~‘II~~ is continuous in z E S, and hence 
there is a 8, E [-7r, ~1 such that 
sup 11 [AI - F(z)] ’ )(p = II [ AI - F( eioil)] -’ \l12. 
lzI= 1 
By the definition of the matrix norm, for any n, there exists v,, # 0 such that 
I[ AI - F( e”u )]-‘v,,I,, 2 (li[AI - F(e’“n)]-‘l~I~ - -+p. 
Noticing that ][A1 - F(eie>l-‘v,,I~2 is continuous in 0 and hence in a 
neighborhood [ 8, - S,, 8, + a,] of 8,,; we have 
([AI - F(eiB)]mlv,, 12 2 I (Ilr AI - F(e”o 
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La v,(@ = VII X[O,-6,,8,+s,]- Then v,(O) E ll’[- r, ~1, and 
Therefore, 
2 
(([AI - F(eie)]-‘v,(e)I/~~(-,,~~ 
IIV,(~Nl2,%LnI 
That is, 
lk AI - A,-,,,, )-11112 >(I[M - F(e’oo)]-11112 - ‘. n 
By letting n + m we obtain the desired result. 
THEOREM 15. For E > 0, A&,,,,) = u k(F(4). 
IZIS 1 
Proof. By Theorem 11 and Theorem 12, we know that 
Now, assume that h @ R,(Ac,,,,), Then 
Ik AI - A,-,,,, )-’ 1lp = ll(h~ - Aco.m))e11(12 < g-l* 
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By Lemma 14 and the maximum principle, 
sup I)[ h1 - F(z)] -’ Ill> < Y’. 
/;I< 1 
In particular 
for any 1 z 1 I 1. Hence A @ A,(F(z)) for all I :I I 1, which g,ives 
4.2. Relationship between Block Toeplitz, Matrices und Block Toeplitz 
Operators 
We prove a general theorem for upper triangular block Toeplitz matrices 
and operators. 
LEMMA 16. In. the lp norm, 1 I p < +cc, 
Proof. 
(i) If A E h(A,,, ,,,>, then both ‘d si es are infinity and the equality is true. 
(ii) If A E A(A,,,,) \ A(Aa,, ,,,>, then there exists a unit vector u = 
(U<j ,..., u, ,... >r such that (AI - A(,,,& = 0. Define 
v,, = (U() ) . . . ,  u,,_,,o ,... )“, w,, = (ug, . . .>U,j-,>T; 
thenin IF’, 1 <p < +m, 
lim vn = u, 
II --) = 
lim (AI - A,,,,)v,, = 0, 
II --t = 
which implies lim. + ,( AI - A,,, ,,I w,, = 0. Therefore. 
Ik AI - A(,, “,I -lx Il II wn II 
ll%II n = /(AI - A,o,.,)wnII + caT 
116 ANDREW LUMSDAINE AND DEYUN WU 
where x, = (h1 - A,,, .,) w,, # 0. This means that 
(iii) Now assume that h G h(A,,,,, ). Then both sides are bounded. Since 
ll( AI - Aco,.,)-ll) +I - Acd/l~ 
we need only prove that 
Assume that u = (IQ, . . . ,u,_~, . ..> T is an infinite unit vector. Define 
v= n (u U”_l,O,...)T, IJ,...’ 
w, = (UO,...,U,_l)T; 
then again in 1 P, 1 I p < + ~0, we have lim,, ~ Wv,, = u. As before, we have 
Since the inverse of an upper triangular block Toephtz matrix is also block 
;frr triangular and (AI - AC,,+,)-’ = [(AI - A~o,,~)-ll,x,, we conclude 
lim I((AI - AdII +I - Aamj)-lll. 
n-tm 
??
REMARK 17. It is not known whether or not the above lemma is true in 
1” norm. 
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Now we can prove the following result. 
THEOREM 18. If E > 0, then 
cl ~~m~B(A~O,d = W$O?,)~ 
where cl is the closure operator. 
Proof. By the net property A,(A,,, ,,,) c A,(A,,, n+ I,), we see that 
cll& A,(A,,, ,Q) = cl 6 A,(A,“, ,,J 
n=l 
We only need prove that 
cl ; A,(A,,,,,) 2 A,(A,“,=,). 
,,= 1 
If A E A(A,,,,), then by L emma 16, for any E > 0, there exists an integer N 
such that when n 2 N, 
Ik AI - A(,l.,,J 11 > Cl. 
Hence MA,,, ,,I c U:= 1 A,(A,,, ,,,I 
Assume A E int[ A,(A(,, ,,) \ RCA,,,, ,,)I (int is the interior operator). Then 
Ik AI - A(,, G,)-l/l = a A > F-‘. 
Choose 6 > 0 small enough so that (Ye - 6 > F- ‘. By Lemma 16, for this 6. 
there exists N = N(S) such that n 2 N implies 
I/( AI - Am,,)-’ 11 >aA - - 6 > &-I. 
Hence A E A&4,,, n,> c lim ,, + s A,&,,, “,), i.e., 
A E int[ AE(A,o,x,) \ A(A,o,q)] c ,hm; &(A@ J. 
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Therefore 
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Taking the closure of both sides gives the desired result. 
5. NUMERICAL EXPERIMENTS 
In this section we present some examples of spectra and pseudospectra of 
block Toeplitz matrices. The spectra and pseudospectra of block Toeplitz 
matrices arising in the context of waveform relaxation are shown in [8]. 
All experiments were conducted using Matlab. The spectra of finite- 
dimensional matrices were computed using Matlab’s internal eigenvalue 
routine. Finite matrix pseudospectra were obtained by repeatedly computing 
(16 repetitions) the eigenvalues of the given matrix plus a random perturba- 
tion E with IIE[~~P 2 E. For the results shown here, we use a value of 
E = 10d3. The spectra of triangular block Toeplitz matrices and operators 
were computed according to Theorem 9. The pseudospectra of triangular 
block Toeplitz operators were computed using the relationship of Theorem 
15, with the pseudoeigenvalues of F(z) computed for 128 sampled values of 
z along the unit circle. 
Figures I and 2 show the eigenvalues and pseudoeigenvalues for the 
block Toeplitz matrix with blocks given by 
Notice that this matrix has symbol 
F(z) = ; _f . 
[ I 
F(Z) has eigenvalues I&?&, - dz}. 
Also shown are the spectrum and pseudospectrum of the corresponding 
Toeplitz operator as the enclosing curve (in this case the pseudospectrum of 
the Toeplitz operator is very close to the spectrum). Figures 1 and 2 
respectively show results for n = 10 and n = 50, where n is the number of 
blocks. Note that as n gets larger the pseudospectrum of the matrix ap- 
proaches the pseudospectrum of the finite operator. 
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We modify the above example and take 
A,, = 
1 1 0 . . . . . . . . . . . . 0 
0 1 1 0 . . . . . . . . . () 
0 1 1 0 ..* 0 
0 -1 1 ... 0 
0 -1 1 
0 0 -1 
121 
Figure 3 shows the spectrum and pseudospectrum of A,, and A, for m 
(3) 
16 
where m is the size of the blocks. Note that A, is highly nonnormal. Figure 4 
shows the spectrum and pseudospectrum of the block Toepltiz matrix and 
Toeplitz operator composed of A, and A,. Note that in this case, since the 
blocks composing the operator are nonnormal, the pseudospectrum of the 
operator is significantly larger than the spectrum. 
Also notice that the block Toeplitz matrix has symbol 
F(z) = 
1 1 0 . . . . . . . . . . . . 0 
0 1 1 0 . . . . . . . . . 0 
0 i i 0 ... 0 
0 -1 1 ... 0 
0 -1 1 
Z 0 -1 
I . ,^  / . I I ,  
and F(z) has eigenvalues {Vl + z”“, - Vl + z’/‘} for m = 16. 
For the next examples we consider matrices of the form A = T @ M 
where @ denotes the Kronecker product and T is Toeplitz. In general, the 
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block Toeplitz matrix T 8 M has symbol 
F( 4 =f(z)M, 
where f(z) is the symbol of the Toeplitz matrix T. In the case of triangular 
Toeplitz T, the Kronecker product T B M is likewise block triangular Toeplitz. 
We first consider A = L 8 H, where L, H E Iw16’ l6 are defined as 
follows: 
L= 
H= 
0 1 
0 
LO 
2 -1 
-1 2 
-1 
0 
1 0 
1 1 
0 
-1 
2 -1 
-1 
. . . 0 
. . . 0 
. . . . 
1 1’ 
0 1 
0 
0 
2 -1 
-1 2 
(4) 
The eigenvalues and pseudoeigenvalues of L and H are shown in Figure 5. 
In Figure 6 we show the spectrum and pseudospectrum of the Toeplitz 
operator corresponding to L 8 H. In this case, since H is normal, the 
spectrum and pseudospectrum are visually indistinguishable. The figure also 
illustrates the manner in which the spectrum and pseudospectrum of the 
operator are composed of those of L and H. That is, the spectrum (pseudo- 
spectrum) of the operator consists the spectrum (pseudospectrum) of H 
scaled and rotated according to the spectrum (pseudospectrum) of the 
operator corresponding to L. This can also be seen by realizing that the 
symbol of L @ H is f( z)H with f< Z) = z + .z2. Samples of the operator 
spectrum and pseudospectrum for z = + I, fi are superimposed on the 
operator spectrum and pseudospectrum in the figure. 
Finally, Figure 7 also shows the pseudospectrum of the matrix L @ H. 
Many features of the operator pseudospectrum are clearly visible. It is 
interesting to note that the sampled dots of the pseudospectrum of L @ H fill 
the pseudospectral region fairly uniformly, in contrast to the typical behavior 
of point Toeplitz matrices, where the sampled pseudospectral points tend 
towards the boundary of the pseudospectral region [lo, 121. 
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FIG. 6. Spectrum and pseudospectrum of Toeplitz operator corresponding to 
L @ H. Samples of the operator spectrum and pseudospectrum for z = * I, &i are 
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shown with x and 0, respectively. 
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FIG. 7. Pseudospectrum of L 8 H. 
PSEUDOSPECTRA OF BLOCK TOEPLITZ MATRICES 12-i 
2 
1.5. 
l- 
0.5 - 
3 
O- ??saF& 
d!P 
-0.5 
-l- 
-1.5- 
-2. 
0 0.5 1 1.5 2 2.5 3 3.5 4 
FIG. 8. Spectrum and pseudospectrum of P. Eigenvalues and pseudoeigenvalues 
are indicated with X and 0, respectively. 
We next consider A = L Q P, where L E IR”~ l6 is defined as above in 
(4) and P E (w16’ l6 is defined as follows: 
P= 
-2 0 2 0 
1 
-5 2 0 2 
1 
2 2 0 2 
1 2 2 0 
0 I z 2 
The eigenvalues and pseudoeigenvalues of P are shown in Figure 8. In this 
case, both L and P are nonnormal and have interesting pseudospectra, as 
shown in Figures 9 and 11. 
As in the previous example, the spectrum (pseudospectrum) of the 
operator consists the spectrum of P scaled and rotated according to the 
spectrum (pseudospectrum) of the operator corresponding to L. Samples of 
the operator spectrum and pseudospectrum for .z = f 1, +i are superim- 
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FIG. 9. Spectrum of the Toeplitz operator corresponding to L 8 P. The spec- 
trum of the operator is shown with dots. Samples of the operator spectrum for 
z = +l, ki are shownwith X. 
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FIG. 10. Pseudospectrum of the Toeplitz operator corresponding to L 8 P. The 
pseudospectrum of the operator is shown with dots. Samples of the operator pseu- 
dospectrum for z = f 1, ii are shown with 0. 
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FIG. 11. Spectrum and pseudospectrum of the matrix L @ P. Eigenvalues and 
pseudoeigenvalues are indicated with X and dots, respectively. 
posed on the operator spectrum and pseudospectrum in the figure. Unlike 
the previous example, in which the spectrum and pseudospectrum were close 
to each other, in this example P is nonnormal, so the spectrum and pseu- 
dospectrum of the operator differ significantly. 
At present we have no theory for nontriangular block Toeplitz operators 
or matrices. However, since Theorem 18 is true for a general point (non- 
block) Toeplitz matrix, we conjecture that Theorem 18 is also true for a 
general block Toephtz matrix. 
REMARK 19. The matrix P @ L can be expressed as 
P @ L = Q(L 8 P)Q’. 
where Q is orthonormal [6]. Thus, P 8 L has the same spectrum and 
pseudospectra as L 8 P. Matrices of the form P @ L are therefore one class 
of nontriangular block Toeplitz matrices that have theoretical results regard- 
ing spectra and pseudospectra. 
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